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ABSTRACT

The class of a A/ —preopen sets was introduced by [1]] in topologi-
cal spaces. In this paper we extend the notion of this class into grill
topological spaces by giving the concept of Gy —preopen sets as a
strong form of the class of a '—preopen sets.
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1. INTRODUCTION

For a topological space (X, 7) and A C X, throughout this paper,
we mean CI(A) and Int(A) the closure set and the interior set
of A, respectively. In 1982 Hdeib [10], introduced the notions of
w—open set. A subset A of a topological space (X, 7) is called
w—open set if for each x € A, there is open set U, containing x
such that U, — A is a countable set. The complement of w—open set
is called w—closed set. In 1982 Mashhour [2], introduced the no-
tion of a preopen set. A subset A of a topological space X is called
a preopen set if A C Int(CI(A)). The complement of preopen set
is called preclosed set. In 2009 Al-Omari and Noiri [1], used the
notions of preopen sets, w—open sets and finiteness property to in-
troduce the notions of A'—preopen sets. A subset A of topological
space (X, 7) is called a N —preopen set if for each x € A, there
exists a preopen set U, containing x such that U, — A is a finite
set. The complement of A/ —preopen set is called A/ —preclosed set.

The idea of grill on a topological space, given by Choquet [6],
goes as follows: A non-null collection G of subsets of a topological
spaces X is said to be a grill on X if
()AeGandACB—=— Beg
i)A,BCXandAUBeG—AcGorBeg.

For a topological space X, the operator ® : P(X) — P(X) from
the power set P(X) of X to P(X) was first defined in [L1] in
terms of grill; the latter concept being defined by Choquet [6]] sev-
eral decades back. Interestingly, it is found from subsequent inves-
tigations that the notion of grills as an appliance like nets and filters,
turns out to be extremely useful towards the study of certain spe-
cific topological problems (see for instance [8]], [9] and [12]). For
a grill G on a topological space X, an operator from the power set

P(X) of X to P(X) was defined in [3]] in the following manner :
Forany A € P(X),

®(A)={zx € X :UNAeQg, foreach open nbhd U of z}.

Then the operator ¥ : P(X) — P(X), given by
U(A) = AU P(A), for A € P(X), was also shown in [3]
to be a Kuratowski closure operator, defining a unique topology
7g on X such that 7 C 7¢. If (X, 7) is a topological space and
G is a grill on X then the triple (X, 7,G) will be called a grill
topological space. Under the notion of grill topological space and
its operators above, several authors defined and investigated the
notions in this part. In 2010 Hatir and Jafari [4], introduced the
notions of G—preopen set in grill topological spaces. A subset A
of a grill topological space (X, 7,G) is called a G—preopen set
if A C Int(¥(A)). The complement of G—preopen set is called
G—preclosed set.

This paper is organized as follows. In Section 2 we introduce
the concept of Gy —preopen sets. Furthermore, the relationship
with the other known sets will be studied. In Section 3 we define
and investigate the interior operator and the closure operator via
Gy —preopen sets. In Section 4 we study Gy —preopen sets with
the relative topologies and the product topology.

A topological space (X, 7) is called: T} —space [3]] if for each dis-
joint point x # y € X, there are two open sets G and H in X such
thatx € H,y € G,x ¢ Gandy ¢ H.

THEOREM 1.1. [3] A topological space (X, 7) is T —space if
and only if every singleton set is closed set.

THEOREM 1.2. [2] Let A and B be two subsets in a topologi-
cal space (X, 7). If A is a preopen set in X and B is an open set in
X then AN B is a preopen set in X.

THEOREM 1.3. [2] Let A and Y be two subsets in a topologi-
cal space (X, 7). If A is a preopen set in X and Y is an open set in
X then ANY is a preopen set in (Y, 7|y ).

THEOREM 1.4. [2] Let Y be an open subset of a topological
space (X, 7). If Aisapreopensetin (Y, 7|y)then A = GNY for
some a preopen set G in X.

THEOREM 1.5. [l The union of any family of A —preopen
sets is V' —preopen set.

THEOREM 1.6. [3] Let (X, 7,G) be a grill topological space.
Then for A, B C X, the following properties hold:
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(1) A C B implies that ®(A) C &(B).

(2) ®(AUB) =P(A)UP(B).

(3) D(P(A)) CP(A) =Cl(P(A)) CClL(A).
4) U eTthenUNPA) CP(UNA).

THEOREM 1.7. [4] Every G—preopen set in a grill topological

space (X, T, G) is preopen set.

THEOREM 1.8. [4] The union of two G—preopen sets in a grill

topological space (X, 7, G) is G—preopen set.

2. Gy—PREOPEN SETS

DEFINITION 2.1. A subset A of a grill topological space
(X, 1,G) is called a Gy —preopen set if for each x € A, there exists
a G—preopen set U, containing x such that U, — A is a finite set.
The complement of G, —preopen set is called Gy —preclosed set.

The set of all Gy —preopen sets in X denoted by GO (X, 7,G) and
the set of all Gy —preclosed sets in X denoted by Gy C'(X, 7, G).

EXAMPLE 2.2. For a grill topological space (X, 7,G) with a

finite set X,
gj\/O(Xa T, g) = QNC(XvTv g) = P(X)’

where P(X) is the power of X (i.e., the collection of all subsets of

X).

EXAMPLE 2.3. Let (R,7,,G) be a grill topological space
with the real usual topology 7,, on the set of real numbers R and

G = P(R) — {0}. The rational set @ is a Gy —preopen set.

THEOREM 2.4. Let (X,7,G) be a grill topological space.

Then:

(1) X and () are Gy —preopen sets.

(2) Any subset of X with a finite complement is G —preopen set.

PROOF. (1) Since X = Int(¥ (X)), then X is a G-preopen set
and hence for each x € X, X is a G—preopen set containing x and
X — X = (is afinite set. Thatis, X is a Gy —preopen set. Similar

for (.

(2) Let A be a subset of a grill topological space (X, 7,G) with a
finite complement. That is, X — A is a finite set. Since X is G-

preopen set, then A is a Gy —preopen set. [

THEOREM 2.5. Every G-preopen set is a Gy —preopen set.

PROOF. Let A be G-preopen subset of a grill topological space
(X, 7,G). Hence for each x € A, A is a G—preopen set containing

xz and A— A = () is a finite set. That is, A is a Gy —preopen set.

The converse of above theorem need not be true.

EXAMPLE 2.6. Let (X,7,G) be a grill topological space,
where X = {a,b,c}, 7 = {0, X, {a},{a,b}} and G = P(X) —
{0}. The set {c} is a Gy —preopen set but it is not a G-preopen set.

THEOREM 2.7. Every Gy —preopen set is a A/ —preopen set.

PROOF. Let A be a Gy—preopen subset of a grill topological
space (X, 7,G). Hence for each x € A, there is a G—preopen set
U, containing x such that U, — A is a finite set. Then for each
x € A, U, is a preopen set containing z, that is, A is a N'—preopen

set. [

The converse of above theorem need not be true.
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EXAMPLE 2.8. Let (R,7,G) be a grill topological space,
where 7 = {, R} and G = {R}. For a € R, the set {a} is a
preopen set, since

{a} C Int(Ci({a})) = Int(R) = R.

Then {a} is a N'—preopen set. If U, is a G—preopen set con-
taining @ and U, — {a} is a finite then U, is a finite. Hence
Int(¥(U,)) = Int(U,) = 0 and this is contradiction. Then {a}
is not G, —preopen set.

THEOREM 2.9. The union of any family of Gy —preopen sets
is Gy —preopen set.

PROOF. Let Ay be a Gy —preopen subset of a grill topological
space (X, 7,G) forall A € A. Let z € | J,_, Ax be an arbitrary
point. Then there is at least A, € A such that x € A, . Since A,
is a Gy —preopen set then there exists a G—preopen set U, contain-
ing x such that U, — A, is a finite set. Since A5 C U)\EA Ay,
then

Uy~ (J AU, - Ay,

AEA

Hence U, — |J ., Ax is a finite set. That is, |J,_, Ax is
Gy —preopen set. [

The intersection of two Gy —preopen sets need not be G —preopen
set.

EXAMPLE 2.10. Let (R, 7,,G) be a grill topological space
with the real usual topology 7,, on the set of real numbers R and
G ={R}.Let A=IRand B = QU {r}, where Q is the set of
rational numbers and I R is the set of irrational numbers. Since

W(A) = U(IR) = Rand U(B) = ¥(Q U {r}) = R,

then A and B are G—preopen sets and so Gy —preopen sets. The
set AN B = {n} is not a Gy —preopen set. If U, is a G—preopen
set containing 7 and U, — {7} is a finite then Uy is a finite. Hence
Int(¥(U,)) = Int(U,) = 0 and this is contradiction. Then {7}
is not G —preopen set.

A subset A of grill topological space (X, 7,G) is called a dense
in X if C1(A) = X. A grill topological space (X, 7,§G) is called
submaximal grill topological space if every dense subset of X is
open set.

LEMMA 2.11. [7] Let (X, 7) be a submaximal space. Then
every preopen set is open set.

LEMMA 2.12. Let (X, 7,G) be asubmaximal grill topological
space. Then every G—preopen set is open set.

PROOF. By Lemma(Z.TT), every preopen set is open set and by
Theorem(2.7), every G—preopen set is open set. [

A subset A of topological space (X, 7) is called a dense in X if
Cl(A) = X. A topological space (X, 7) is called submaximal
space if every dense subset of X is open set.

THEOREM 2.13. Let (X, 7, §) be a submaximal grill topolog-
ical space. Then [X, Gy O(X, 7, G)] is a topological space.

PROOF. (1) It is clear that () and X are G, —preopen sets.
(2) Let A and B be two Gy —preopen sets and x € A N B be ar-
bitrary point. Then there are two G—preopen sets U, and G, con-
taining « such that U, — A and G, — B are finite sets. By lemma
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above, U, N G, is G—preopen set containing = and
(UacmGac)f (AﬂB) = (Umex)m[Xf(AmB)]
(UsNG)N[(X —A)U(X — B)]

= [(Uac N Gac) n (X - A)] U [(Ux N Gac)
A (X = B)]

€ [Uan(X -A)JUlG.N(X - B)]
— (U, — A)U (G, - B).

That is, (U, N G,) —
G —preopen set.

(3) Let A, be a Gy —preopen subset of a nll topologlcal space
(X,7,G) for all A € A. By Theorem2.9), (J, ., Ax is a
Gy —preopen set. [

(AN B) is a finite and hence AN B is a

LEMMA 2.14. The intersection of an open set and a
G—preopen set is a G—preopen set.

PROOF. Let A be an open set and B be a G—preopen set in
a grill topological space (X, 7,G). Then B C Int(¥(B)). Since
7 C 74 then

ANB

N

AN [Int(¥(B))]
Int(A) N Int(¥(B))
Int(AN¥(B))
Int(¥(AN B))
Thatis, AN Bis a G—preopen set. [

N

THEOREM 2.15. The intersection of an open set and
Gy —preopen set is a Gy —preopen set.

PROOF. Let A be an open set and B be a Gy —preopen set in a
grill topological space (X, 7,G). Let € AN B be arbitrary point.
Then there is a G—preopen set U, containing x such that U, — B
is a finite sets. By lemma above, A N U, is a G—preopen set and
we get that

(ANU,)—(ANB) = (AnU,)N[X — (AN B)]
= (ANU,)N[(X = A)U(X - B)]
= [(ANU)N(X - AJU[(ANT,)
N (X - B)]
= (ANU,)N(X-B)=(AnU,) —
cCU,-B

That is, (AN U,) — (AN B) is a finite and hence A N B is a
Gy —preopen set. [

THEOREM 2.16. A subset A of a grill topological space
(X, 7,G) is a Gy —preopen set if and only if for each z € A there
is a G—preopen set U, containing x and a finite subset F, of X
such that U, — F,, C A.

PROOF. Let A be a Gy —preopen set in a grill topological space

(X, 7,G). Then for each € A there is a G—preopen set U, con-
taining x and a such that U, — A is a finite set. Take F,, = U, — A
and hence U, — F,, C A.
Conversely, Let x € A be any point. Then there is a G—preopen set
U, containing x and a finite subset F, of X such that U, —F, C A.
Then U, — A C F, and hence U, — A is a finite set. That is, A is
a Gy—preopen set. [

THEOREM 2.17. Let A be a Gy —preclosed set in a grill topo-
logical space (X, 7,G). Then A C G U F for some G—preclosed
set G and finite set F.
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PROOF. Since A is a Gy —preclosed set, then X — A is a
Gy —preopen set. Then by Theorem(2-16), for each z € X — A
there is a G—preopen set U, containing x and a finite subset F}, of
X such that U, — F, C X — A. Hence

ACX—(U,—F,)=X—-[U,n(X-F,)]=(X-U,)UF,

Then G = X — U, is a G—preclosed set and F' = F, is a finite
set. [

THEOREM 2.18. If (X, 7) is a T —space in a grill topologi-
cal space (X, 7, G) then every nonempty G, —preopen set contains
nonempty G—preopen set.

PROOF. Let A be any nonempty G —preopen set. Since A # (),
let € A. Then there is a G—preopen set U, containing x such
that U, — A is a finite set. Since (X, 7) is a T} —space, then by
Theorem(T1I), F' = U, — A is a closed set. Then x eUv,—FCA
and U, — F = U, N (X — F) by Lemma2.14), U, — F is a
nonempty G—preopen set. [

3. Gy—PREOPEN OPERATORS

In this section, we will define the interior operator and the closure
operator via G —preopen sets.

DEFINITION 3.1. Let (X,7,G) be a grill topological space
and A C X. The Gy —closure set of A is defined as the intersec-
tion of all Gy —preclosed subsets of X containing A and is denoted
by gnCl(A). The Gy —interior set of A is defined as the union of
all Gy—preopen subsets of X contained in A and is denoted by
G. N[ nt(A) .

REMARK 3.2.  From Theorem2.9), ¢yCI(A) is a
Gy —preclosed set and gy Int(A) is Gy —preopen set in grill
topological space (X, 7, G).

REMARK 3.3. For a grill topological space (X, 7,G) and A C
X, it is clear from the definition of gy Cl(A) and gy Int(A) that
A CgnCl(A) and gy Int(A) C A.

THEOREM 3.4. For a grill topological space (X,7,G) and
A C X, gnCl(A) = Aif and only if A is a Gy —preclosed set.

PROOF. Let gyCl(A) = A. Then from definition of gy Cl(A)
and Theorem(2.9), gnCl(A) is a Gy —preclosed set and so A is
a Gy —preclosed set. Conversely, we have A C gy CI(A) by Re-
mark@). Since A is a Gy —preclosed set, then it is clear from the
definition of gy Cl(A), gy Cl(A) C A.Hence A = gy Cl(A). D

THEOREM 3.5. For a grill topological space (X, 7,G) and
A C X, gvInt(A) = Aif and only if A is a Gy —preopen set.

PROOF. Similar for proof of Theorem(3:4). O

THEOREM 3.6. For a grill topological space (X,7,G) and
A C X,z € gyCl(A) if and only if for all Gy —preopen set U
containing z, U N A # ().

PROOF. Let z € gyCl(A) and U be a Gy—preopen set con-

taining . FUNA = O then A C X — U. Since X — U is a
Gy —preclosed set containing A, then gy Cl(A) C X — U and so
z € gyvCl(A) C X — U. Hence this is contradiction, because
2 € U. Therefore U N A # 0.
Conversely, Let z ¢ gyCl(A). Then X — gyCl(A) is a
Gy —preopen set containing x. Hence by hypothesis, [X —
avCl(A)] N A # (. But this is contradiction, because X —
awClA)CX —-A O
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THEOREM 3.7. For a grill topological space (X,7,G) and
A C X,z € gyInt(A) if and only if there is Gy —preopen set
Usuchthatz € U C A.

PROOF. Let z € gyInt(A) and take U = gy Int(A). Then
by Theorem and definition of gy Int(A) we get that U is a
Gy —preopen set and by Remark(33), z € U C A. Conversely,
Let there is Gy —preopen set U such that z € U C A. Then by
definition of gy Int(A), z € U C gaInt(A). O

THEOREM 3.8. For a grill topological space (X, 7,G) and
A, B C X, the following hold:

(1) If A C B then gy Cl(A) C gnCl(B).
(2) gnCU(A)UgnCl(B) € gnCI(AU B).
(3) gnvCI(ANB) C gnCl(A) NgnCIU(B).
@) gnCl(A) € CU(A).

PROOF. 1. Let x € gyCI(A). Then by Theorem. for all
Gy —preopen set U containing z, U N A # (). Since A C B, then
U N B # (). Hence z € gy CIl(B). That is, gorCI(A) C gnCIl(B).
2. It is clear from the Part (1).

3. It is clear from the Part (1).

4. It is clear from Theorem(3.6) and from every open set U is
Gy —preopen set. [

In the last theorem gy Cl1(A U B) # gnCl(A) U gy Cl(B) as it is
shown in the following example.

EXAMPLE 3.9. Let (R, 7,,G) be a grill topological space on
the set of real numbers R with usual topology 7,, and G = P(R) —

{0} .Let A = IR — {+/2} and B = Q, where Q is the set of
rational numbers and I R is the set of irrational numbers. Since

Cl(gInt(A)) = Cl(gInt(IR — {V2)) = Cl(0) =D C A
and
Cl(gInt(B)) = Cl(gInt(Q)) =Cl(0) =0 C B
then A and B are G—preclosed sets in R and hence are
Gy —preclosed sets. Then
anCI(A) UgnCl(B) = AUB = R — {V2}

If R — {V/2} is a Gy —preclosed set then {1/2} is a Gy —preopen.
Hence there is a G—preopen set U in R containing v/2 such that
U - {\/5} is a finite set. Then U is a finite set and hence

UCInt(Y(U))=Int(U)=0

and this contradiction with v/2 € U. Hence R — {/2} is not
Gy —preclosed set in R. Since R — {v/2} C gnClU(R — {V2})
then

anCI(AUB) = gvCI(R - {V2}) =

THEOREM 3.10. For a grill topological space (X, 7,G) and
A, B C X, the following hold:
(1) If A C B then gy Int(A) C gy Int(B).
(2) g/\/Int(A) UgN‘I’I’Lt(B) N‘[’fbt(AUB)
(3) gJ\/ITLt(AﬂB) g/\/]nt(A) ﬂg/\/Int(B)
@) Int(A) C gyInt(A).

PROOF. Similar for Theorem(3.8). O

In the last theorem gy Int(A N B) # gy Int(A) NgyInt(B) as it
is shown in the following example.
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ExAMPLE 3.11. Let (R, ,,G) be a grill topological space on
the set of real numbers R with usual topology 7,, and G = P(R) —

{P}. Let A= QU {V/2} and B = IR. Since
A C Int(U(A)) = Int(¥(QU{V2})) = Int(R) = R
and
B C Int(¥(B)) = Int(¥(IR)) = Int(R) = R

then A and B are G—preopen sets and hence are Gy —preopen sets.
Then

ovInt(A) NgyInt(B) = AN B = (QNn{V2})NIR = {V2}

. Since {V/2} is not Gy —preopen and gy Int({v/2}) C {+/2} then
gJ\[Int(A N B) = gNITLt({ﬁ}) - @

THEOREM 3.12. For a grill topological space (X, 7,G) and
A C X, the following hold:

(1) grInt(X — A) = X — gyCI(A).
(2) gvCUX — A) = X — gyInt(A).
PROOF. 1. Since A C gy Cl(A), then X — gy Cl(A) C X — A.

Since gy Cl(A) is a Gy—preclosed set then X — gy CI(A) is a
Gy —preopen set. Then

X — g_/\/Cl(A) = g_/\/.[nt[X - gJ\/Cl(A)] Q gNI?’Lt(X — A)

For the other side, let z € gyInt(X — A). Then there is
Gy —preopen set U such that x € U C X — A. Then X — U
is a Gy—preclosed set containing A and x ¢ X — U. Hence
x ¢ gnCl(A), thatis, z € X — gy CI(A).

2. Since gyInt(A) C A, then X — A C X — gyInt(A).
Since gy Int(A) is a Gy —preopen set then X — gy Int(A) is a
Gy —preclosed set. Then

onvCUX — A) = gnCUX = gyInt(A)] = X — gnInt(A).

For the other side, let © ¢ gy CI(X — A). Then by Theorem(3.6),
there is a Gy —preopen set U containing x such that U N (X —
A) = 0. Thenz € U C A, thatis, z € gyInt(A). Hence = ¢
X — gyInt(A). Therefore X — gyInt(A) CopyClU(X —A). O

THEOREM 3.13. For a subset A C X of grill topological
space (X, T, G), the following hold:
(1) If Gis anopen setin X then gyCIl(A) NG C gy CI(ANG).
(2) If Gisaclosed setin X then gy Int(AUG) C gy Int(A)UG.
PROOF. (1) Let x € gyCl(A) N G. Then z € gyCIl(A) and
x € G. Let V be any Gy —preopen set in (X, 7,G) containing z.
By Theorem(2.13), V N G is Gy —preopen set containing x. Since
z € gyCI(A) then by Theorem(3.6), (V N G) N A # (. This im-
plies, VN(GNA) # ). Hence by Theorem(3.6), x € gy Cl(ANG).
That is, g/\[Cl(A) NG C gNCl(A N G)
(2) Since G is a closed set X then by the part (1) and Theo-

rem(3.12),
= lavInt(A) UG] = [X —gyInt(A)]N [ Gl
= [ CUX - A)N[X }
avCI[(X —A) N (X - G)]
avCI(X - (AU G))
= X — (gvInt(AUG)).
Hence gy Int(AUG) CgyInt(A)UG. O

N
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For a subset A of grill topological space (X, 7, G), the set
anT'(A) = gy ClU(A) — gyInt(A)
is called Gy —frontier set of Ain (X, 7,G).
THEOREM 3.14. For a subset A C X of grill topological
space (X, 7, G), the following hold:
(1) gnCU(A) = gnT(A) UgnInt(A).
() gnT'(A) NgyInt(A) = 0.
(3) gnT'(A) = gnCU(A) NgnCUX — A).
PROOF. (1) Note that
avT(A) UgnInt(A) = (gnCl(A) — gnInt(A)) Ugnint(A)
[anvCUA) N (X — gy Int(A))]
avInt(A)
[onCL(A) U gnInt(A)]
(X — gy Int(A)) UgnInt(A)]
anvClA)NX = gy Cl(A).
(2) It is clear from the definition of gy T'(A).
(3) By Theorem(3.12),
anT'(A) = gnClU(A) — gnInt(A)
= avCl(A) N (X — gyInt(A))
= gnvClUA) NgyClUX — A).

c |

D

O

COROLLARY 3.15. For a subset A C X of grill topological
space (X, 7,G), gy['(A) is Gy —preclosed setin (X, 7, G).

PROOF. By Theorem(Z:9) and the part (3) of the last theo-
rem. [

THEOREM 3.16. For a subset A C X of grill topological
space (X, T, G), the following hold:
(1) AisaGy—preopen if and only if g5 ['(A) N A = 0.
(2) AisaGy—preclosed if and only if gy T'(A) C A.
(3) A is both Gy —preopen and G, —preclosed if and only if
avT'(A) = 0.

PROOF. (1) Let A be a Gy —preopen set. Then gy Int(A) = A.
Then by Theorem(3.14),

g/\/‘F(A) NA= gNF(A) N g_/\/Int(A) = @
Conversely, suppose that gy T'(A) N A = 0. Then
A —gnInt(A)) = [ANgvCU(A)] — [ANgyInt(A))]
AN (gnCl(A) = gnInt(A))
= AN gNF(A) =0.

That is, gy Int(A) = A. Hence A is a Gy —preopen set.
(2) Let A be a Gy —preclosed set. Then gy Cl(A) = A. Then

g/\/F(A) = gr\/’Cl(A) - gNITLt(A) =A- gNI’I’Lt(A) g A.
Conversely, suppose that gy T'(A) € A. Then by Theorem(3.14),
g/\/Cl(A) = g’/\/ITlt(A)) (@] g/\/F(A) - gNInt(A)) UAC A.

That is, gyrCI(A) = A. Hence A is Gy —preclosed set.
(3) Let A be both Gy —preclosed set and Gy —preopen set. Then
g{/\[Cl(A) =A= g,/\/Int(A). Then
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Conversely, suppose that gyI'(A) = . Then gyCI(A
g/\/ITLt(A) = (Z) Since gN’ITLt(A) C gj\[Cl(A) then g/\/cl(A
gnvInt(A). Since gy Int(A) € A C gnyCl(A) then gy Cl(A
A = gyInt(A). That is, gyCI(A) = A. Hence A i
Gy —preclosed set and Gy —preopen set. [

w

=3

3

9
s

4. Gy—RELATIVE AND PRODUCT SPACES

We mean by bitopological space or b-sapce a triple (X, T, p) con-
sists two topologies 7 and p on a set X. A subset A C X is said to
be Tp—preopen set in a b-space (X, T, p) if A C Int(,Cl(A)).
The complement of 7p—preopen set is said to be Tp—preclosed
set. A subset A C X is said to be 7pyx —preopen set in a b-space
(X, T,p) if for each x € A, there exists a Tp—preopen set U,
containing x such that U, — A is a finite set. The complement of
Tp N —preopen set is called 7py —preclosed set.

THEOREM 4.1. A subset A C X is a G—preopen set in grill
topological space (X, 7, G) if and only if it is a 77g —preopen set in
b-space (X, 7, 7g).

PROOF. It is clear from the definitions and W(A) =
¢Cl(A). O

THEOREM 4.2. A subset A C X is a Gy —preopen set in grill
topological space (X, 7,G) if and only if it is a 7p —preopen set
in b-space (X, 7, 7g).

PROOF. ltis clear by Theorem@I). O

THEOREM 4.3. AisTp—preclosed in b-space (X, 7, p) if and
only if ;Cl(,Int(A)) C A.

PROOF. A isa Tp—preclosed set in X if and only if X — Aisa

Tp—preopen set in X if and only if
(X —A) C . Int(,Cl(X — A)).
if and only if
(X —A) C Int(,CU(X = A)) = . Int(X — ,Int(A))
= X — . Cl(,Int(4))

if and only if . Cl(,Int(A)) C A. O

LEMMA 4.4. Let Y be an open subset of a grill topological

space (X, T,G). If Aisa G—preopen setin (X, 7,G) then ANY
is a 7|y 7g|y —preopen set in b-space (Y, 7|y, 7|y ).

PROOF. Since A is G—preopen set in (X,7,G) then A C
Int(V(A)). Then
ANY C Int(Y(A)NY = Int(V(A)) N Int(Y)
Int(¥(A)NY)
Int[(TA)NY)NY] C Int[T(ANY)NY]
Int[gCI(ANY)NY]
= Int[gClly (ANY)] C Int|ly [(Clly (ANY)].

Hence ANY isat|y7g|ly —preopen setin (Y, 7|y, 7gly). O

THEOREM 4.5. LetY be an open subset of a grill topological
space (X, 7,G). If AisaGy—preopensetin (X,7,G) then ANY
is a (7|y7g|y ) N —preopen set in b-space (Y, 7|y, 7g|v)-

PROOF. Let AbeaGy—preopensetin (X,7,G)andz € ANY.
This implies x € A and x € Y. Hence there is a G—preopen set
U in X containing x such that U — A is a finite. € Y and by
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lemma above, the set U N'Y is a 7|y 7g|y —preopen set in b-space
(Y, 7|y, 7g|y ) containing = and

Uny)n(yY —(ANnY))

UnNnY)n(Y n(X — A)))
UnNn(X-A)nNnY
= (U-A)NnY.

Since U — A is a finite, then (U — A) NY is a finite. Thatis, ANY
is a(7|y 7¢|y ) n —preopen set in b-space (Y, 7|y, 7g|y). O

COROLLARY 4.6. LetY be an open subset of a grill topolog-
ical space (X, 7,G). If A is a Gy—preclosed set in (X, 7,G) then
ANY isa (r|y7g|y )~ —preclosed set in b-space (Y, 7|y, 7¢|y ).

PROOF. Let A be a Gy —preclosed set in (X, 7,G). Then X —
A is a Gy —preopen set in (X, 7,G). By the last Theorem, ¥ —
A= (X-A)NYisa(r|y7g|y)n—preopensetin (Y, 7|y, 75|y ).
Hence

Y- (Y-A)=Y-(YN(X-A4)=YN[(X-Y)UA] = AnY
isa (7|y7g|ly)n—preclosed setin (Y, 7|y, 7g|y). O

LEMMA 4.7. Let Y be an open subset of a grill topological
space (X, 7,G). If A C Y is a 7|y 7g|y —preopen set in b-space
(Y, 7|y, 7g|y) then A G—preopen setin (X, 7,G).

PROOF. Since A is 7|y7g|y—preopen set in b-space
(Yr, T‘y,Tg‘y) then
A C Intly (gClly (A)) = Int(gClly (A))
Int(gCL(A)NY) C Int(gCI(ANY))
Int(gCl(A)) = Int(V(A))

N

Hence A is a G—preopen setin (X, 7,G). O

THEOREM 4.8. LetY be an open subset of a grill topological
space (X,7,G). If A C Y is a (7]|y7g|y) n—preclosed set in b-
space (Y, 7|y, 7g|y) then A is Gy —preclosed set in (X, 7, G).

PROOE. Letz € Y — A. Since A is a (7|y 7|y ) v —preclosed
set in b-space (Y, 7|y, 7|y ), then there is a 7|y 7¢|y —preopen set
Uin (Y, 7|y, 7g|y) containing z suchthat UNA = UN[Y — (Y —
A)] is a finite. Since U is a 7|y 7g|y —preopen in (Y, 7|y, 75|y ),
then by lemma above, U = O N'Y for some G—preopen set O in
X. Since Y is an open set in X and O is a preopen set in X, then
U =0nNY is G—preopen set in X containing . Hence Y — A is
a Gy —preopen set in (X, 7, G), that is, A is a Gy —preclosed set in
(X,7,G). O

COROLLARY 4.9. Let Y be an open subset of a grill topo-
logical space (X, 7,G). If A C Y is a (7|y7g|y )—preopen set in
b-space (Y, 7|y, 7¢|y) then A is Gy —preopen set in (X, 7, G).

THEOREM 4.10. Let Y be an open subset of a grill topolog-
ical space (X, 7,G) and A be a subset of Y. Then gnCl|y (A) =
awvCl(A)NY.

PROOF. Let z € gnCl|ly(A) and G be a Gy—preopen
set in (X,7,G) containing . By Theorem(4.5), G N'Y is a
(T]y 7gly ) v —preopen set in b-space (Y, 7|y, 7g|y) containing x
and since x € gy Cl|y (A), then

GNA=(GNY)NA#0.

Hence z € gyCl(A), and since z € Y, this implies z €
avCl(A)NY . That is,

anClly (A) C g CL(A)NY.
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On the other side, let = € gy CIl(A) N'Y and O be
a(t|y7gly ) w—preopen set in b-space (Y, 7|y, 7g|y) containing
z. By Corollary @9), O = G NY for some Gy—preopen set
G in (X,7,G). Since € gyCl(A), then GN A # § and so
(GNY)N A # (), sincex € Y. Hence ON A # 0, that is,
x Eg/\/C”y(A).HCHCC g/\/Cl(A)mY gg/\/’c”y(A) [}

LEMMA 4.11. Let(X,7,G)and (X', 7',G’) be two grill topo-
logical spaces. Then A x B is (T x 7')(7g X 7;,)—preopen set in
b-space (X x X', 7 X 7/, 7g X 75,) if and only if A is a G—preopen
setin (X, 7,G) and B is a G'—preopen set in (X', 7/, G').

PROOF. Suppose that A x B'is (7 x 7')(7g x 7,)—preopen set
in b-space (X x X', 7 x 7,7 x 7(,). Then

Ax BC TXT/Int[ng/Cl(A X B)]
Hence

AxB

N

TXT’Int[gXQ’Cl(A X B)]
= TXT!ITLt[gCl(A) X g/Cl(B)}
= Int(gCl(A)) x Int(¢CIl(B)).
This implies, A C . Int(¢CI(A))and B C Int(¢Cl(B)). Then
by Theorem(4.1), A is a G—preopen set in (X, 7,G) and B is a
G'—preopen set in (X', 7/, G").
Conversely, suppose that A is a G—preopen set in (X, 7,G) and B
is a G'—preopen set in (X', 7', G'). Then by Theorem{.1), A C
~Int(gCIl(A)) and B C +Int(yCl(B)). Hence
Ax B ~Int(gCIL(A)) x Int(¢Cl(B))
= xInt[gCI(A) x ¢ Cl(B)]
= TXT/ITLt[ng/Cl(A X B)]

N

That is, A x B1is (7 x 7')(7g X 7/,)—preopen set in b-space (X x
X' x 116 X 15). O

THEOREM 4.12. Let (X,7,G) and (X', 7',G’) be two grill
topological spaces. If A x B is a nonempty (7 x 7')(1¢ X
T¢) v —preopen set in b-space (X x X', 7 x 7/, 7 x 7(,) then A
is a Gy—preopen set in (X, 7,G) and B is a G),—preopen set in
(X', 7,G".

PROOF. Let x € A be arbitrary point in A. Since A x B is a
nonempty, take y € B. Since (z,y) € Ax Band A X Bisa (7 x
7')(7g X T}, )y —preopen set in b-space (X x X', 7 x 7/, 7 X 7/,),
then there is a (7 x 7")(7g x 7/,)—preopen set U x G in b-space
(X x X', 7 x 7', 7 X Tg,) containing (x,y) such that (U x G) —
(A x B) is a finite. Since

(U—A)x (G—B)C (UxG)—(Ax B),

then (U — A) x (G — B) is a finite, that is, U — A is also a finite.
Since U x G'isa (1 x 7') (g x 7, )—preopen set U x G in b-space
(Xx X', 7x7', 76 x7(,) containing (z,y), then by lemma above U
is a G—preopen setin (X, 7, G) containing x and G is a G—preopen
set in (X', 7/,G’) containing y. Hence A is a Gy —preopen set in
(X, 7,G). Similarly, B is a Gy —preopen setin (X', 7/,G"). O
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